We prove existence of an invariant measure on a hypergroup.
f = sup t∈Q |f (t)|. By K , we denote the linear subspace of C 0 of functions with compact supports. Support of f ∈ K is denoted by S(f ). The linear subspace of K of functions with the supports in a compact set K is denoted by K (K). The set of nonnegative continuous functions with compact supports will be denoted by K + , and K A hypergroup is undersood in the sense of R. Spector [3] , i.e., it is a locally compact topological space Q such that M b is endowed with the structure of a Banach algebra. The multiplication, called composition and denoted by * , is subject to the following conditions:
(H 2 ) the convolution M p × M p ∋ (µ 1 , µ 2 ) → µ 1 * µ 2 ∈ M p is separably continuous with respect to the weak topology σ(M b , C 0 ) on M b ; (H 3 ) the map Q × Q ∋ (s, t) → ε s * ε t ∈ M b is continuous with respect to the weak topology σ(M b , C 0 ) on M b ; (H 4 ) there is a point e ∈ Q, which is necessarily unique, such that ε e * µ = µ * ε e for all µ ∈ M b ; (H 5 ) there is an involutive homeomorphism Q ∋ t →ť ∈ Q such that its continuation to M b satisfies (µ 1 * µ 2 )ˇ=μ 2 * μ 1 ; in particular,ě = e; (H 6 ) for two points t, s ∈ Q, the condition t = s is equivalent to the condition e ∈ S(ε t * ε s ); (H 7 ) for every compact subset K of Q and any neighborhood V of K there is a neighborhood U of e such that 1) if S(µ) ⊂ K and S(ν) ⊂ U , then S(µ * ν) ⊂ V and S(ν * µ) ⊂ V ;
2) if S(µ) ⊂ K and S(ν) ⊂ Q \ V , then the sets S(µ * ν), S(ν * µ), S(μ * ν), S(ν * μ) are disjoint with U .
For µ ∈ M b and f ∈ K , the convolutions µ * f and f * µ are defined by
We have [3, Theorems 1.3.2, 1.
for f ∈ K and µ, ν, σ ∈ M b . For subsets A and B of Q, we use the notations A · B = a∈A, b∈B S(ǫ a * ǫ b ); we write aB for {a} · B.
For
For a measure µ ∈ M and g ∈ C , the measure hµ is defined by f, hµ = f h, µ for f ∈ K ; it is clear that hµ ∈ M c for h ∈ K .
for all f ∈ K and s ∈ Q.
3 Main results
Then, for µ, ν ∈ M b , and f ∈ K , we have the following:
Proof. Sincef (s) = f (š) = f,ε s , using (1) we have
thus the first identity in (4) follows. The second one is proved similarly. The third one is obtained as follows:
Lemma 2. Let µ 0 ∈ M b be an arbitrary bounded positive Radon measure such that S(µ 0 ) = Q. For U ∈ K e and a function g ∈ K * + (U ), definẽ
Thenχ g is a Radon measure, S(χ g ) = Q. Moreover, for any f ∈ K + and ǫ > 0 there exists U f ∈ K e such that, for any g ∈ K *
Proof. It follows from [10, Theorem I.5] that µ 0 * g ∈ C and is bounded. It is easy to see that (µ 0 * g)(t) > 0 for all t ∈ Q. Thus,χ g is a Radon measure. It is evident that S(χ g ) = S(µ 0 ) = Q. Now, let us prove (6) . First of all note that S(fχ g ) = S(f ) is compact. Let us fix a compact neighborhood V of the compact set S(f ). By axiom (H 7 ) there is a compact neighborhood U 0 of e such that S(f ) · U 0 ⊂ V . Hence, for any
If s / ∈ V , then the expression in (7) is zero. Thus, let s ∈ V . Using identities (1) and (4) we have the following:
, and consider the function ψ : D → R defined by
It is continuous and its domain D is compact. Let us show that for a given ǫ > 0 there is U f ∈ K e , U f ⊂ U 0 , such that the variation of the function ψ on sǓ f × tǓ f will be less than ǫ,
for all (t, s) ∈ D. Indeed, if this were not the case, then there would exist ǫ 0 > 0 such that for each U ∈ K e there would be a point (s U , t U ) ∈ D with Var sUǓ ×tUǓ ψ ≥ ǫ 0 . Consider the net (s U , t U ) U∈Ke in the compact space D, and let (s γ , t γ ) γ∈Γ be a convergent subnet, that is, 
Choose F s * ∈ K s * , F s * ⊂ W s * , and F t * ∈ K t * , F t * ⊂ W t * , and using (H 7 ) we let
But then, by the construction of (s γ , t γ ), we have that Var sγǓγ ×tγǓγ ψ ≥ ǫ 0 , which is a contradiction to (10), since
Hence (10) holds for all (s, t) ∈ D. Setting U f = U γ and using the obtained estimate (9) and definition (8) of ψ we get that
and observing that S(ε s * ǧ) ⊂ sǓ f we obtain the needed estimate (6).
Lemma 3. Let f ∈ K * + and µ ∈ M c be nonnegative. Then for any ǫ > 0 there exists U ∈ K e such that
for arbitrary g ∈ K * + (U ) satisfyingǧ = g.
Proof.
Fix U 0 ∈ K e . For ǫ 1 > 0, let U 1 ∈ K e , U 1 ⊂ U 0 , be such that (6) holds for any g ∈ K * + (U 1 ). Since S((f χ g ) * g) = S(f ) · S(g) ⊂ S(f ) · U 0 , setting K = S(f ) · U 0 and using (6) gives that
Consider the first term in the left-and right-hand sides of (12),
Let ǫ 2 > 0 be arbitrary. Let U 2 ∈ K e , U 2 ⊂ U 0 , be such that
, then it follows from the last estimate that
Thus using thatǧ = g and the last inequality we get
In the same way, 1 L2 ,μ * (fχ g ) = µ χ g (f ).
Hence, using the obtained values in inequalities (14) we get from (13) an estimate for the first term in (12),
Consider now the second term in (12),
If we took ǫ 1 =χ
, where U = U 1 ∩ U 2 , using (15) and (16) in (12) we would arrive at (11) .
whereχ g is defined in (5) . Then for any f ∈ K *
Proof. For functions f 0 , f ∈ K + , it follows from [10, III (p. 159)] that there exist positive measures µ 1 , µ 2 ∈ M c such that
Then, fixing ǫ = 1 and letting U 1 ∈ K e be such that (11) holds for f 0 , µ 1 , and arbitrary g ∈ K * + (U 1 ), we find that
If now U 2 ∈ K e is such that (11) holds for f , µ 2 , and arbitrary g ∈ K * + (U 2 ), then we similarly get thatχ
Hence, we can take
Proof. It is sufficient to prove that the net (χ g (f )) U∈Ke is Cauchy for f ∈ K * + . First of all, it follows from (17) that χ kg = χ g for any real k > 0. So we can assume that all considered g are normalized so thatχ g (f 0 ) = 1, henceχ g = χ g . Now, let V ∈ K e be fixed, and let ǫ, 0 < ǫ < 1, be arbitrary. Let U 0 ∈ K e , U 0 ⊂ V , be such that (6) holds for the functions f, f 0 and the measure χ g0 , as well as χ g0 (f ) satisfies estimate (18), for any g 0 ∈ K *
where we set
for any U ∈ K e and g ∈ K * + (U ). Now, consider
and let U ∈ K e be such that the measure χ g , g ∈ K * + (U ), would satisfy (11) for the function g 0 and the measure (f χ g0 )ˇ. Then we have
which, together with (21), gives
Assuming that U was chosen such that the measure χ g satisfies (11) also for the function g 0 and the measure (f 0 χ g0 )ˇ, we get similar estimates for χ g (f 0 ),
Since g is normalized so that χ g (f 0 ) = 1, these inequalities yield the estimate
If we apply this estimate to (22) we get
Finally, assuming that U was chosen so that χ g (1 K ) satisfies estimate (18), we get
This implies that for any U 1 ⊂ U , U 2 ⊂ U , and
Since U 0 was chosen so that χ g0 (f ) < b f , it follows from (25) that χ g (f ) U∈Ke is a Cauchy net.
Theorem. On any (locally compact ) hypergroup Q there exists a left invariant measure χ with S(χ) = Q.
Proof. For any f ∈ K * + , set χ(f ) = lim U χ g (f ) as in Lemma 5, and extend it by linearity to a linear functional on K .
Let K be a compact subset of Q and f 1 , f 2 ∈ K (K). Then, for any U ∈ K e and g ∈ K * + (U ), we have
This shows that, eventually,
hence χ is a bounded linear functional on K (K) for arbitrary compact K, and thus a Radon measure.
By setting µ =ε s in inequality (11) forχ g , dividing it byχ g (f 0 ) and using that ε s = 1, we get (1 − ǫ)χ g (f ) < f,ε s * χ g = ε s * f, χ g < (1 + ǫ)χ g (f ).
Since this eventually holds for any ǫ > 0, we see that χ satisfies (3), hence it is a left invariant measure. It is clear that S(χ) = Q, since, for any f ∈ K * + , we eventually have χ g (f ) > a f > 0 by Lemma 4. 
